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NONLINEAR VOLTERRA
INTEGRODIFFERENTIAL EQUATIONS
IN A BANACH SPACE

BY
RONALD GRIMMER AND MARVIN ZEMAN

ABSTRACT

We study the Cauchy problem associated with the Volterra integrodifferential
equation

u'(t)e Au(t)+f, B(t—s)u(s)ds +f(t), u(0)=u,€D(A),

where A is an m-dissipative non-linear operator (or more generally, an
m-%(w) operator), defined on D(A)C X, where X is a real reflexive Banach
space. We show that if B is of the form B = FA + K, where F, K : X — D(D,),
where D, is the differentiation operator, with F bounded linear and K and D,K
Lipschitz continuous, then the Cauchy problem is well-posed. In addition we
obtain an approximation result for the Cauchy problem.

Introduction

We consider the Cauchy problem associated with the Volterra integrodifferen-

tial equation

(VE) u'(t)eAu(t)+f' B(t—s)u(s)ds +f(t), u(0)=uo€ D(A),

where A is an m-dissipative nonlinear operator (or, more generally, an m-%(w)
operator), defined on D(A)C X, where X is a real reflexive Banach space. This
problem has been previously studied by a number of authors including Chen and
Grimmer [5, 6], Crandall, Londen and Nohel [8], Crandall and Nohel [9], Miller

[15], and Miller and Wheeler [16].

The approach we are using is to associate with (VE) an abstract nonlinear
differential equation in a somewhat larger Banach space. It is then shown that
the Cauchy problem for the Volterra integrodifferential equation (VE) is
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“well-posed” if and only if the Cauchy problem for the differential equation is
“well-posed”. Once this has been shown, one has available the nonlinear
semigroup theory developed for nonlinear differential equations in a Banach
space. In particular, the theory developed by Brezis and Pazy [4], Crandall [7],
and Pazy (18] is useful in this regard as the operator C in the differential
equation we examine is not dissipative, but rather C — wl will be dissipative.
While this is a trivial problem in the linear case (cf. Pazy [19]), it requires a great
deal of effort in the nonlinear case to verify that the hoped for results are valid
(cf. Pazy [18]). Besides the results obtained concerning the existence of a
nonlinear semigroup, the “Trotter type” theorem developed by Brezis and Pazy
{4] is particularly useful for our purposes. Using this result, we are able to obtain
an approximation result for Volterra integrodifferential equations.

The association of (VE) with a differential equation much the same as the one
used here was developed by Miller [15] for the linear case. The use of semigroup
theory was then developed in Chen and Grimmer [5, 6] in the case when (VE) is
a linear equation. Similar work in the linear case relating (VE) with a differential
equation has also been carried out by Miller and Wheeler [16]. For the case of a
linear integral equation, rather than an integrodifferential equation, related
work has been done in Grimmer and Miller [12, 13].

Nonlinear semigroup theory has also been used in the study of nonlinear
integral equations by Barbu [3] and Dafermos [10]. The approach we use here is
different from that in {3] and [10] which is more related to the study of functional
differential equations.

2. Preliminaries

We shall everywhere assume that the nonlinear operator A is in m-2{(w); that
is, that A —wl is m-dissipative for some o >0, or alternately, wl — A is
m-accretive for some o >0, with domain D(A)C X where X is a reflexive
Banach space with norm || ||. The main distinction between an m-dissipative
operator and an operator in m-@ (w) is that an m-dissipative operator generates
a contraction semigroup while an operator in m-9(w) generates a quasi-
contraction semigroup {T'(¢)} which satisfies | T(t)x — T(t)y||= e“||x — y|. In
this case the semigroup {T'(¢)} is said to be in Q.. For a further discussion of this
matter see Barbu [2], Brezis and Pazy [4] and Crandall {7].

The function f is assumed to be defined on [0, ) with values in X and is in the
Sobolev space W™ ((0,=), X) of functions which together with their first m
distributional derivatives are Bochner p-integrable functions, p > 1. We further
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assume that B(t) is defined on D(A) and can be written as B(f)x =
F(t)Ax + K(t)x. Here F, K : X = W™ ((0, =), X) are defined by (Fx)(t) = F(t)x
and (Kx)(t) = K(t)x and have the property that F is bounded linear and K is
Lipschitz continuous. Further, we ask that F and K have range in the domain of
D,, D(D,), in W™?((0,«), X) where D, is the generator of the translation
semigroup {S(¢)} on W™ ((0, =), X) defined by (S(t)f)(s) = f(¢ + 5). We further
require that D,K be Lipschitz continuous.

These conditions on B, while they appear to be quite stringent, will, in fact,
allow a wide variety of possibilities. In particular, we shall be able to apply our
results to the integrodifferential equation

u(t,x)=—Awu(tx)+Bu(tx)+ fn[ [Ax(t — s, x)u(s,x)+ y(u(s,x))]ds + f(t,x)

where A, =2, ;4. (x)35 is a strongly elliptic second order partial differential
operator with smooth coeflicients, A.=2, =2 b, (¢, x)d7 is any second order
partial differential operator with smooth coefficients while 8 and vy are Lipschitz
continuous functions.

Associated with (VE) will be the equation

0 A 0
(DE) ZE|0 A 8| z()=Cz 0<t<c,
0 B D,

where z is the transpose (w, u,v)* of (w,u,v) in X X X X W™?((0,»), X)= Z.
Also, z(0) = zo € D(C) where D(C) is the domain of C in Z. On Z we use the
norm |(w,u,0)|={wl+|ul+]v|~, where || |., is the norm on
W™ ((0,), X).

REMARK 2.1. We note that since X is reflexive and p > 1, Z is also reflexive
(cf., e.g., Adams [1]).

DEFINITION 2.2. By a solution u(t) of (VE) on [0, T), 0< T =, we sha]l
mean a continuous function u : [0, T)— X with u(0) = us, u(t) € D(A)a.e. such
that u(¢) is locally Lipschitz and u’'(t)€ L™((0, T), X). Further, there are
functions v, and v; so that v, (1) € Au(t) (i =1,2) a.e. with v, EL*((0, T), X)
(i=1,2) and

u'(t)=vi(t)+ fo[ [F(t —s)vAs)+ K(t —s)u(s)]ds +f(t), a.e.

DEerFINITION 2.3. A function z defined on [0, T) with values in Z is said to be
a solution of (DE) if z(¢) is continuous in ¢ on [0, T') and Lipschitz on every
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compact interval of [0, T), z(0) = z,, z(t) € D(C)a.e.in [0, T)and z'(t) € Cz(¢)
a.e. in [0, T).

Our next proposition is central to our results and enables us to use semigroup
theory.

PrOPOSITION 2.4. Suppose for z,= (wy, Uo, v5)* € D(C), (DE) has a unique
solution z(£)=(w(t),u(t),v(t)* on {0,T), T<wx. Then if f=1v,, u(t) is a
solution of (VE) on [0, T). Conversely, if (wo, uo, vo)* € D(C) and u(t) is a
solution of (VE) with vo= f then (w(t), u(t),v(t))* is a solution of (DE) with
w(t)=wo+ fovs(s)ds and

v(t){s)=f(¢ +s)+J:)r [F(t — 1+ s)v,(r)+ K(t — 7+ s)u(r)ldr.

Proor. If z(t) is the unique solution of (DE) with z, € D(C) then we see
that wo € X, u, € D(A) and v, € D(D;). Also, w' € Au is in L™((0, T), X) for
each T>0. Thus, Fw' € FAu and is in L™((0, T), W™?((0,x), X)) as F is
bounded linear. Similarly, D,F is also bounded linear so that D,Fw’ is also in
L*((0, T), W™ ((0,), X)). In fact, for T<e=, Fw' and DJFw’' are in
L'((0, T), W™ ((0,), X)), as are Ku and D,Ku since K and D.K are Lipschit-
zian. It now follows from Barbu [2; p. 32 Remark (j)] that the generalized
solution

y(t)= S(t)vﬁ-ﬁ S(t—1)Y(Fw'(rt)+ Ku(7))dr

of the equation
y'= D,y + Fw'(t)+ Ku(t)

isin W"'((0, T), W™ ((0,«), X)) and satisfies this equation almost everywhere in
(0, T). Also, since D, generates the contraction semigroup {S(¢)}, there can be at
most one such solution.

We see that (w (1), u(t), y(t))* satisfies (DE) and so y(¢) must equal v(t) for
t 20 by uniqueness. Hence in W™ ((0, «), X),

o) = S(t)vy + f S(t — 7)(Fw'(r)+ Ku (r))dr

and since v(t)€ D(D,),v(t)(s) is absolutely continuous. So if f(t)= v, and
s=0,

v()(s)=f(+s)+ fot [Ft—=1+s)w'(r)+ K(t — 7+ s)u(r)ldr.



166 R. GRIMMER AND M. ZEMAN Isr. J. Math

In particular,
o(1)(0) = (1) + fo [E(t — r)w'(r)+ K(t — 7)u(r))dr.
Now since u’ € Au + 8o a.e. in (0, T),
w'(t) € Au(r)+ fo [F(t = r)w'(z)+ K(t = T)u(r))dr + £(1).
Thus,
w(t)€ Au(t) + L B(t - ryu(r)dr + f(t), ae.,

u@)=u,, u(t)€ D(A) a.e., u is continuous, Lipschitzian on every compact
interval and u'(t)€ L™((0, T), X) for every T <o,

Now let (wq, uo, v9)* € D(C) and suppose u is a solution of (VE) with vo=f.
Since v,EL”, Fv,(¢)+ Ku(t) is in D(D,) ae. in t and Fv,(t)+ Ku(t),
D, (Fu,(t)+ Ku(t)) are in L'((0, T), W™?((0,®), X)). Thus the generalized solu-
fion

G.S) o(t) = S(t)vo+f‘ S(¢t - 7)(Fou(r) + Ku(r))dr

of v'= D, + Fo,(t)+ Ku(t) is in W"'((0, T), W™?((0,»), X)) and satisfies the
equation a.e. From (G.S.) we see that v’ € L”((0, T), W™ ((0, ), X)) and as
Vo = f,

v()(s)=f(+s)+ f‘ (F(t —7+s)u(r)+ K(t — 7+ s)u(r))dr
and

0(1)(0) = f(1) + L F( - 1)our) + Kt - 7)u(r))dr.

Thus, u satisfies u' = v:(¢)+ §ov (¢) a.e. Now define w(t) = wo+ [y v2(s)ds. Then
w'€ L0, T), X) and (w, u,v)* is a solution of (DE).

REMARK. If (DE) has the property that solutions are unique if they exist,
then as w,(t) = wo + f4 01(s )ds is another choice we must have v(t) = v.(t) a.e.

Proposition 2.4 now allows us to examine the differential equation (DE) to
obtain corresponding results for the equation (VE). In particular, if we show that
C generates a semigroup {T(t)} we know that for zo€ D(C), T(t)z, is the
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unique solution of (DE) with initial condition z,. Further, if z, is also in D(C),
we will see that

IT(#)z0= T(0)z:| = Me*" || 20— 24|
where M and o are positive constants. Thus, we obtain existence, uniqueness

and continuity with respect to initial conditions for solutions of (VE) with
0, uo, f)* € D(C).

3. Main results

Our main results concern the well-posedness of (VE). In a later section we
shall discuss a ““Trotter type” theorem.

THeEOREM 3.1. Suppose A is in m-P(w), B=FA+K where
F,K : X — D(D,) with F bounded linear and K and D.,K Lipschitz continuous.
Then C generates a semigroup of nonlinear operators {T(t)} and T(t)zo for
20 € D(C) is the unique solution of (DE).

THEOREM 3.2. Suppose A is in m-P(w), B=FA+K where
F,K : X — D(D,) with F bounded linear and K and DK Lipschitz continuous.
Then (VE) is well-posed. That is, (VE) has a unique solution for u, and f where
0, uo, f)* € D(C) and if (0,u,, g) € D(C) also, then if u,(t) is the unique solution
of (VE) with u, and f replaced with u, and g,

lu(e) = wi()l = Me* (luo— wr| +1If = g llms)
where || |lmp is the norm on W™ ((0,), X).

ExampLE 1. An integrodifferential equation which satisfies the conditions of
Theorem 3.2 is

u (tx)= —Au(t,x)+f[ a(t—s)Au(s,x)ds +f(t,x),

where X = L*(Q), p > 1, Q a bounded domain in R" with smooth boundary,
a(t)E C5(R"), and A is a nonlinear differential operator of the form

Au= Y, (-1°D*A.(x,u, -, D™u),

la|=m

where A, (x, £) are real functions belonging to C”({2 XR™) and satisfying the
growth conditions

1) [A(x, )|+ C(|€]+8(x))  for some g € L*((2)
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and the monotonicity condition

@ ]2 (Aa (%, £)— Au (x, 7)) (& — 1) Z 0.

al=m

Defining a : H" ()X H™())— R by
a(uv)= D, f A.(x,u,- -, D™u)D"vdx
le|l=m JQ

one obtains on the space V, HF(Q)C VC H™(Q), amap A : V— V', the dual
of V, which is maximal monotone. If one restricts A so that

D(A)={u € V:Au € L¥(Q)}, Au=Au, u€eD(A),

then A is maximal monotone on L*(Q) and, hence, m-accretive there. See
Barbu [2, p. 49]. The rest of the conditions of Theorem 3.2 are easily verifiable.

Operators similar to A which lead to similar examples can be found in Lions
[14].

ExaMpPLE 2. Another integrodifferential equation which satisfies the condi-
tions of Theorem 3.2 is

w(tx)=-Awutx)+Bu(x))+ f [Ax(t = s, x)u(s,x)+ y(u(s,x))]ds + f(t,x)
)
where X = L.(Q)), {1 a bounded domain in R" with smooth boundary,

A = @2 a.(x)3%, D(A)=HQ)N HQ),
is a strongly elliptic second order partial differential operator with coefficients
a. (x)E C5(Q), As=T=2b.(t,x)d2 is any second order partial differential
operator with coefficients b, (£, x) € Ci (R* X ) (more generally A, can be any
second order pseudo-differential operator in the x-variables varying smoothly in
t), and B and vy are Lipschitz continuous functions.

To show that the example is covered by Theorem 3.2, we first show that
—A+B is an m-P(w) operator. Indeed since —(A,;+ Al), for some A,
generates a C, semi-group of contractions, it is m-dissipative. Hence — A, — Al
+ B — wil is also m-dissipative, where w, is the Lipschitz constant of 8. Thus
— A+ B is an m-P(w) operator, where w = A + w,.

Next, we will demonstrate that A.+ y can be written in the form F(A,+ 8)
+k, where F is a bounded linear operator on L({2) and K is Lipschitz
continuous. The requirement that F and K have range in D (D,) and that D.K
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be Lipschitz continuous will follow because of the smoothness of the coefficients
of A..

Let F=A,L, where L is a left parametrix of —A,, i.e., L(—A)=I1+T,
where I is the identity and T is a pseudo-differential operator of order —2. L is
also a pseudo-differential operator of order — 2. (For the construction of L and
T and the properties they satisfy, see L. Nirenberg {17].)

Then
F(-A +B)=A:L(—A+B)
= A.[L(— A)]+A:LB
=A,(I+T)+ A.LB
= A+ A, T+A,LB
Hence,

F(-A+B)+K=A,+7,

where K = — A,T — A.LB + y. What is left to prove is that F is bounded and K
is Lipschitz continuous. Since y and 8 are defined to be Lipschitz continuous, it
suffices to show that A,L and A.T are bounded on L.(Q?). This follows
immediately from the fact that A.L and A,T are both pseudo-differential
operators of order 0.

4. Proof of Theorem 3.1

We have identified with the initial value problem associated with the
integrodifferential equation the abstract initial value problem

(DE) '€ Cz, z(0) = z,,

where

w 0 A 0
z=lu]le XXX XW™(0,x),X) and C=}10 A & |.
v 0 B D,

We can decompose the matrix C as follows:

0, A, 0 0 0 0
c=10, A, 0 |+]0 0 8o
0, FA-DJF, D 0 DF+K 0

= P71C1P +C2
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where
0 0 0 I -1 0 0 0 0
C,=]10 A 0|, P=]0 I 0], C,=]0 0 Sof .
0 0 D, 0 —-F I 0 DF+K 0
Hence

C =P (C,+PC,P)P.

We will prove that (DE) has a unique solution by showing that C generates a
semi-group. We will demonstrate this after first showing that C,+ PC,P™' =
PCP™' belongs to m-%(w’), where o' is some constant to be determined later.
We will prove this in a series of steps.

LemMmA 4.1. C,— wl is m-dissipative if A belongs to m-@ ().

ProoF. Since D, generates a contraction semi-group, D, is m-dissipative.
Hence, since A belongs to m-2(w), C, — wl is m-dissipative.

We ‘will next show that PC,P™" — w,I is dissipative, where w; is the Lipschitz
constant of PC,P~". In order to do this, we need the following lemma:

LEMMA 4.2, 84(v) is bounded if v € W™ ((0,%), X), m = 1.
ProoF. Let D_ be the left derivative. Then
D |lv|r = D-(Jo[Fy"
=Ly Do P).

Now ||v|?=(v,j(v)), where { , ) is the pairing of X and X*, - || is the norm of
X, and j(v) is a duality mapping. (See Deimling [11] for more details.) Then,

D-|lolf =50 FDo,j(0))

=pllolr v’ j()).

Integrating, we have

B 20 . * 4 Y
fo”vll” (v,;(v))dy;L D_u-'-’I;JLdy=_ML

P

Thus,

lLl%gllt’ = L "G, j@)|o P dy.
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By Hélder’s inequality, we then have

loi =p ([ Iotray) (] tiiotp2pan)
if 1/p+1/g =1. Hence

lo@IF =plo'l o5
since

[ i@olrdo = [holledy = [ "o fpao
This implies that
lo@l=p" o'l o[>

=p'’ (uiplﬂf+u%"2) .

If we define |||}, to be the norm associated with W™*, the last inequality
implies that

18o(0) | = lo @)= Cllo -
More generally, we have
|80 = Cll 2 |lmsp if m=1.
Lemma 4.3. PGP™'— w.l is dissipative.
Proor. PC,P”' is shown to be bounded and Lipschitz continuous by
appealing to the conditions imposed on K and F and the consequence of Lemma

4.2. Hence, if we choose w, to be the Lipschitz constant of PC,P', we make
PC,P™' — w,I dissipative.

We are now able to show that PCP™' € m-P (0, + w).
LEMMA 4.4, C,+ PC,P™' — (w + w))I is m-dissipative.

Proor. Let S =C,— ol and T=PC,P'—w,I Since S and T are both
dissipative, it suffices to show that R(I —A(S + T))= Z for some A >0.

We consider the equation [T — A(S + T)]y D z. We shall show that there exists
a solution y for each z € Z. Since S§ is m-dissipative, R(I —AS)= Z. Hence
Jiz=(I—-AS)'z exists for all zE€Z and is non-expansive. Thus, if
[I-A(S+T)]ly>z then (I—-AS)y —ATy Sz This would imply that y =
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Jy(ATy + z). To show that this y exists it suffices to show that the mapping
W, =J,(ATy + z) has a fixed point, for every fixed z.
However,

Wy1 - WyZ = J)\ (ATyl + Z)"’ JA (/\Tyz + Z).‘
This implies that

IWYI—W)’z

Since T is bounded and Lipschitz with Lipschitz constant M,

|Wy.— Wy,

=AMy - y|.

Now choose A so that AM < 1. We have thus shown that W is a contraction
mapping which ensures it of a fixed point.

ProrosiTioN 4.5.  The initial-value problem
r'(t)E(C\+ PC.P (1), r®y=r,
has a unique solution r(t)= S(t)r,, where S(t) is a semigroup in Q. ...

Proor. Since C,+ PC,P™'E m-P(w + w,), by theorem 1.4 in Crandall [7]
(see also the remark following chapter 3, theorem 1.3 in Barbu [2}]),

-n

S(t)r =lim (1 +;’ (C\+ Pczpﬂ)) o

exists for t>0 for u,€D(C,+PCP') and S(t) belongs to
Q.iu(D(Ci+ PC,P™"). S(¢t) is defined on X X D(A)x D(D;). Since X is
reflexive, then so is X X X X W™ ((0,=), X). Hence, by corollary 1.1 of chapter
3 of Barbu [2], r(t) = S(t)ry is a unique solution of

r’(t)E(C1+PC3P—I)r(t), r(O):r().
We are finally able to show that C generates a semi-group.

Proor ofF THEorReM 3.1. Consider the semi-group T(t)= P 'S(t)P, where
S(t) is defined in Proposition 4.5. T(t) is defined on P™'(X x D(A)x D(D;)).
However, P™' maps X X D(A)X D(D;)into X X D(A)x D(D.). Hence T(t) is
actually defined on X X D(A)X D(Dy). To see this we note that

I 1 0
p'={0 I 0}.
0 F I
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I 1T 0 w w+u w,
01 0 u = u =l u j.
0 F [ v Fu+v U

IfweX x&D(A), y €D(D,), then since D(A)CX, wi=wtu€X, u;=
u€D(A) and since F: X — D(Ds), v,=Fu +v € D(D,).

Thus T() is defined on X XD(A)XW™((0,x),X) (since
D(D.)= W™ ((0,%). X)).

Now r(t) = S(t)r, satisfies

Then

@.1) r'e(C,+ PC,P )r, r(0) = ro = Pz,.

If we let z(t) = T(t)z, then since r(t) = Pz(t) is a unique solution to the Cauchy
problem (4.1),

4.2) (Pz(t)y €(Ci+ PC,P ")Pz(1), Pz(0) = r,.
Since P is linear and constant, (4.2) implies that
Z'(t)E PT(C,+ PC,P)Pz (1), z(0) =P 'ry = z,.
Hence z(t)= T(t)z. is a unique solution to the Cauchy problem
7' e Cz, z(0) = z,.

Finally, T(t) is a semi-group satisfying

IT()yo— Tyl =[P~ S(£)Pyo— PT'S(t)Py,|
=[P I1S(2)Pyo— S(t)Pyi|
=[P [e“ | Pyo— Pyl
=[PP [lyo= il

=Me“ " |lyo—yi.

5. Approximations

In this section we consider the equations

u.(t)€e A, (t)+ f' B, (t —s)u.(s)ds + f(t),

(VE.) u, (0)=uo € D(A,)=D(A).
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Here B, = F,A, + K, where F, and K, have range in the domain of D, K, and
DK are Lipschitzian while F, is bounded linear on X. Also, A, € m-%(w,) and
f € W™ ((0,»), X). It follows from our previous work that (VE, ) is well posed.
We are able to prove the following theorem related to theorem 6.3 of {6].

THEOREM 5.1. Assume that |F, — F||—0, |D,F, - D,F|—0 and K,— K
uniformly on bounded sets. Further, assume A, €E m-2(w,) and A Em-2(v)
where 0 = w,, ® < a < for some constant a. Suppose also that there exists Ay >0
so that if J5=(I —AA,) " and J, =(I —AXA)"', Jiu— J,u for every u € X and
0 <A < Ao If u, (t) is the solution of (VE,) then lim,_.. u, (t) = u(t) uniformly on
compact t intervals.

Proor. Consider the differential equations
(DE.) z,€C"z,, z. (0) =2z

and the operators

I -1 0 I 1 0
P.=10 I 01}, Pl=10 1 0},
0 _Fu 0 0 Fn 0

0 0 0 00 0
C;:=1]0 0 8 |, Ci=10 A. 0 |,
0 DF.+K., 0 0 0 D

C" = P;(Ct+ P,C5P.")P..

Now, to show that z, converges to z uniformly on compact ¢ intervals we shall
consider instead the problems

ri€(Cr+ P,C5P.)r., r'€(Ci+ PC,P)r.

We shall show that r, — r on compact ¢ intervals and then since r. = S,z and
T, = P;'S,P,, we will show z,—z on compact ¢ intervals. We relabel P,C3P;'
to be C3 and note that (I —AC?)" is given by

I 0 0
[0 RESVRTI ]
0 0 (I-AD,)"

so that by hypothesis, (I — AC7)'zo— (I — AC\) 'z, for every z € Z. Now C5 is
bounded uniformly so that Ci+ C3 is in @ (a:) for some constant ;>0 and
(I —AC}?—AC3)™" exists as a single valued operator and is given by

(I - ACH I —ACKI —ACH)" or Jh(I-AC3T)
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where J3, = (I — ACT)". For later convenience we define J3, = (I — AC\)™". Now
as J}, is Lipschitzian with Lipschitz constant (1 — Aa)™' because C7 € 9 (a), we
see that (I — AC3J%,) " exists for 0 < A < Ao where A,Cs(1 — Apa)™' <1 and Cs is
a Lipschitz constant for C3 for all n. Indeed, (I —AC3J3) 'z =g, or z =
(I — AC53J3.1)g- is uniquely solvable for g, given z since Th,g =z + AC3J g isa
contraction map with uniform contraction constant A,Cs(1 — Aoa )™ = a,. Thus,
for each n there is unique g, such that

g. =2 +ACiJ.g. or g =(I—-ACiJi)) 'z
We note that g, — go. Indeed,
g — gl = AC3T5.8. — ACT 180l
=[AC3I518n = AC3T 8ol + [ ACST 2180 — ACST 80
= 02| g — Goll + I AC3T7180— AC3T 8ol + | AC5T 7180 — ACST .80 -
Hence,

" 8 — g()” = (1 - az)“ACSIIJ'I.]go - ())..180” + (1 - az)—lA ” C;J?ugo - Csfg.lgoll

and since J3 80— J%.180 and C3p— Csv for all v € Z we see that g, — g, as
n — «. That is,

(I-AC3T) 2> (I = ACJ3 ) 2.
It now follows that
Tl = AC3.) 2 = (I = AG ) 'z
or
(I-ACT=ACH 'z (I - AC,~ACy) 'z

Now as C7+ C% and C, + C; are in @ (a,) it follows that S, (£)z,— S(t)z, (cf. [4,
theorem 3.1]). Hence, T, (t)zo= P.'S, (¢t)P.zo— P~'S(t)Pz, = T(t)z,. This con-
cludes the proof since T.(t)zo=(w.(t),u.(t),v.(¢t)) and T(t)zo=
(w(e), u(®), o(1))
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